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O^ . Abstract. We shall describe a canonical procedure to associate to any (germ of) holomorphic 

self-map F of C" fixing the origin so that dFo is invertible and non-diagonalizable an n-dimcnsional 
Q , complex manifold M, a holomorphic map tt: M — > C", a point e e M and a (germ of) holomorphic 

^S ' self-map F of M such that: tt restricted to M \ 7r~^(0) is a biholomorphism between M \ ti~^{0) 

and C" \ {O}; tt o F — F o tt; and e is a fixed point of F such that dFe is diagonalizable. Further- 
more, we shall use this construction to describe the local dynamics of such an F nearby the origin 
when sp{dFo) — {1}. 
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0. Introduction 

In passing from one to several variables, possibly the first new phenomenon one has to deal with is the 
existence of non-diagonalizable linear maps. Roughly speaking, one can think of them as some sort of 
singularity in the space of all linear maps; indeed, a generic linear endomorphism is diagonalizable. It would 
be interesting to have a device to "resolve" the singularity, similarly to what happens in algebraic geometry 
for singularities of complex spaces. 

In this paper we shall describe exactly such a device, in a more general holomorphic setting. Let 

^ ' F G End(C"',0) be a (germ of) holomorphic self-map of C" keeping the origin fixed and such that dFo is 

Cn . invertible and non-diagonalizable. We shall build in a canonical way (depending only on the block structure 

^r-J ' of the Jordan form of dFo) ^ new holomorphic map F semi-conjugate to F (and actually conjugate to F 

outside the origin) with a canonical fixed point e such that dF^, is diagonalizable; the price to pay is that we 

have to change the base manifold. We shall in fact prove the following result (see Theorem 2.4): 



o 
o 






Theorem 0.1: (Diagonalization Theorem) Let F e End(C",0) be such that dFo is invertible and non- 
"^ ' diagonaUzable. Then there exist a complex n-dimensional manifold M , a holomorphic projection tt: M — > C", 

"^ \ a canonical point e € M and a (germ at 7r~^(0) of) holomorphic self-map F: M -^ M such that: 

^1 (i) TT restricted to M \ 7r"i(0) is a biholomorphism between M \ 7r"i(0) and C" \ {O}; 

(ii) -K o F = F o -k; 

(iii) e is a hxed point of F, and dFe is diagonalizable. 
i^j ■ More precisely, if the Jordan canonical form of dFo contains p > 1 blocks of length /ii > /i2 > • • • > Mp ^ 1 

''Tj] . corresponding respectively to eigenvalues Ai, A2, . . . , Ap G C, then dF^ has eigenvalues Ai, 1, A2/A1, . . . , Ap/Ai 

C^ I of multiplicity respectively 1, /ii — 1, /i2, • . . , ^p, wJiere Ai = Ai if fii > ^2, 9.nd Ai — \\/\2 jf Mi — M2- 

One subtle point must be stressed here. If the only aim is to diagonalize the differential, one can choose 
among several different constructions; but most of them are useless for the dynamical applications we have in 
mind. For instance, the standard way to resolve singularities in algebraic geometry is by blowing up points. 
One could do the same here: M could be obtained by C" blowing up a suitable sequence of points, and then 
there is a unique way to lift i^ to a self-map F of M enjoying some of the properties we are looking for. 
Unfortunately, this naive approach is too rough: the manifold M constructed in this way is so large that 
many properties of the original map F will be hidden inside the singular divisor 7r~^(0). 

To give an idea why this is the case (see Remark 3.3 for a more precise explanation), let us discuss what 
is known about the local dynamics of F nearby the fixed point O. In the hyperbolic case (that is, when dFo 
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has no eigenvalues of modulus one) the stable manifold theorem (see, e.g., [Wu] for the statement in the 
complex case; see also [S] and [Rl, 2] for the attracting case) describes completely the situation: there are two 
local i^-invariant manifolds, the stable one W^ and the unstable one W", intersecting transversally at the 
origin, such that (Fjiys)'^ -^ O and {F\w^)^'' -^ O as k ^ +00, uniformly on compact sets. More generally, 
the local dynamics is topologically conjugated to the dynamics induced by the differential dFo, with W 
corresponding to the direct sum of the generalized eigenspaces associated to eigenvalues with modulus less 
than one, and W^ corresponding to the direct sum of the generalized eigenspaces associated to eigenvalues 
with modulus greater than one. 

In the non-hyperbolic case, the theory at present is far less complete. One can recover a good gen- 
eralization of the classical one-variable Fatou-Leau theorem in the semi-attractive case, when dFo has 1 
as eigenvalue of multiplicity one, and the others eigenvalues have absolute value less than 1. In this case 
(studied first by Fatou [F], and later by Ueda [Ul, 2] and Hakim [HI]) either F admits a holomorphic curve 
of fixed points passing through the origin or there exists a basin of attraction to the origin, formed by /c — 1 
petals, where k > 2 is the multiplicity of the origin as fixed point of F: furthermore, Nishimura [N] has a 
description of the dynamics when there is a curve of fixed points. 

Another situation that has been studied is when dFo — id, that is when F is tangent to the identity. 
In this case Hakim [H2, 3] (see also Weickert [W]) has proved that for F generic there exists an i^-invariant 
stable (i.e., attracted to the origin) holomorphic curve with the origin in its boundary; furthermore, there 
are estimates on the rate of approach of stable orbits to the origin (see Section 3 for a precise statement of 
Hakim's results). Notice that, in general, it is not possible to extend such a stable curve holomorphically 
through the origin. It should also be mentioned that Rivi [Ri] combined Hakim's results on maps tangent 
to the identity with results on the semiattractive case to obtain a description of the dynamics when there is 
a dFo-invariant decomposition C" = Vi ® V2, with dFo\vi — id and sp{dFo\v2) C {|A| < 1}. 

One feature that Hakim's and Weickert 's works made clear is that one has to study orbits converging 
to the origin tangcntially to a given direction v G C". It is easy to sec that such a v must be an eigenvector 
of dFo- Of course, not all the eigenvectors are tangent to an orbit; but nevertheless this observation points 
out that, from a dynamical point of view, the eigenvectors of dFo should be treated differently from the 
non-eigenvectors . 

Now we can go back to our discussion of the manifold M in Theorem 0.1. Blowing up points one deals 
with all the tangent directions in the same way; and the previous discussion suggests that this should not be 
the case. The correct replacement is blowing up submanifolds; in this way we are able to keep track of the 
different status of the different tangent directions — and we shall then be able to recover easily informations 
about the local dynamics of F from informations about the dynamics of F (see, e.g.. Corollary 3.2). 

In Section 1 we describe the canonical procedure for building the manifold M. It depends only on the 
Jordan block structure of the differential dFo, and is obtained by blowing up a sequence of at most y^i -I- 1 
submanifolds, where /Xi is the dimension of the largest Jordan block in dFo ■ In Section 2 we describe how 
to lift the map F to the blow-ups, and we give the proof of Theorem 0.1. It should be remarked that the 
construction is completely explicit; for instance, it is possible to compute the local power series expansion of 
the lifted map F in terms of the local power series expansion of F, and this is essential for the applications. 

In Section 3 we apply the Diagonalization Theorem to dynamics. Since the eigenvalues of dFe are 
quotients of the eigenvalues of dFo, this is really meaningful only when all the eigenvalues of dFo have 
modulus one. We shall concentrate on the case sp(dFo) = {1}, because then F is tangent to the identity. 
It turns out that, for generic F, one and exactly one of the F-stable holomorphic curves whose existence 
is guaranteed by Hakim's results is contained in M \ tt~^{0); its projection under tt is then an i^-stable 
holomorphic curve, with the origin in its boundary (Corollary 3.2). 

Thus we can apply Hakim's theory to generic maps F whose differential is non-diagonalizable and such 
that sp{dFo) = {1}. Actually, our technique is flexible enough to be used even for some classes of non-generic 
maps (see Section 3 for the definition of "generic" in this context). For instance, we have fairly complete 
results in the bi-dimensional case (Corollary 3.3), showing among other things that the dynamics might 
depend strongly on the third degree terms of the map F even when the quadratic part is not identically 
zero. Furthermore, we get yet another version of the Fatou-Bieberbach phenomenon (Remark 3.7). 

A priori, one might suspect that other _F-stable holomorphic curves might give rise at least to some 
other i^-orbits converging to the origin, if not to i^-stable holomorphic curves. In the last section of this 
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paper we shall show that, under some mild assumption on the rate of convergence to zero of the orbit, if 
dFo is the canonical Jordan block J„ of order n associated to 1 then this is not the case: roughly speaking, 
then, for such maps the stable dynamics nearby the origin is described by Corollary 3.2. 

I would like to end this introduction quoting a few lines from [F, p. 135-137]: "Ce cas [that is, n = 2 and 
sp((i_Fo) — {1}], tres important au point de vue des applications aux equations de la dynamique, exigerait de 
longues et difficiles recherches pour etre elucide completement. (...) Prenons par example (...) le cas limite 

r xi = X + ay, 
I J/i = y + a'x"^, 

substitution birationnelle que nous ctudierons plus en detail dans la second partie de ce Mcmoire" . Unfor- 
tunately, the promised second part never appeared; but now, after seventy-five years, we are at last able to 
describe the dynamics of Fatou's example. 

1. The blow-up sequence 

As described in the introduction, to diagonalize a non-diagonalizable dynamical system we shall replace C" 
by a suitable complex manifold obtained blowing-up a specific sequence of submanifolds, depending on the 
Jordan block structure of the differential of the map generating the dynamical system. In this section we 
introduce the general machinery needed. 

First of all we fix a number of notations. Given < r < n, a splitting V of weight r of n is a subdivision 
of {1, . . . , n} as a disjoint union {1, . . . , n} = P' U P", where card 7^' = r e card 7-*" = n — r. The standard 
splitting oi weight r is {1, . . . ,r}U{r + l, . . . ,n}. If 2; = (zi, . . . , z„) e C" and 7^ is a splitting of weight r > 
with V' — {ii, . . . , ir} and V" ~ {*r+i, • • • , in} (where ii < • • • < v and v+i < • • • < in), we shall write 
z' — (zij, . . . , Zi^) and z" — (zi^^-^, . . . , z^^); if r = we set z" — z, and z' is empty. Finally, if V is any 
vector space and v E V \ {O}, we denote by [v] the projection of v in ¥{V). 

Let M be a complex manifold of dimension n > 2, and X C M a closed complex submanifold of 
dimension r > 0. Let Nx/m denote the normal bundle of X in M, and let Ex = ^{Nx/m) be the projective 
normal bundle, whose fiber over p £ X \s Ep — F{TpM/TpX). The blow-up of M along X is the set 

Mx^{M\X)UEx , 

endowed with the manifold structure we shall presently describe, together with the projection a: Mx —^ M 
given by (t\m\x = idM\x and (t\ep = {p} for p G X. The set Ex ~ <t^^{X) is the exceptional divisor of the 
blow-up. 

A chart (p = {zi, . . . ,Zn)'-V ^ C" is adapted to X if there is a splitting V of weight r = dimX such that 
VnX = {z" = 0}. Choose a chart {V, ip) adapted to X, and for j e V" and q e Vr\X set Xj = {zj = 0} C F, 
L,,, = F{Kev{dZj)g/TgX) C Eg, Lj = \Jqevnx Lj.,q, Eynx = a-^{VnX) and V, = iV\X,) U {Eynx \ L,). 
Define Xj-Vj -^ C" by 

[^{q)h iiheV, 

xMh = \ Zh{q)lzM iiheV"\{j}, 

ii q eV\Xj, and by 

f^HM)),, if her', 

Xj{[v])h = < d{zh)^([v]){v)/d{zj)^^[^]){v) iihe V"\{j}, 
[0 iih^j, 

if [v] € Evnx \ Lj . Then it is not difficult to check that the charts {Vj , Xj), together with an atlas of M \ X, 
endow Mx with a structure of n-dimensional complex manifold, as claimed, such that the projection a is 
holomorphic everywhere. For future reference, we record here that 

^ -^J *> -"^ I WjWh li he V" \ {j}. ^ ' 
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The fiber Ep of the exceptional divisor over a point p E X is a projective space; so the choice of an 
adapted chart yields an explicit isomorphism with p""*"" (C) that we shall denote by ip,^: Ep -^ p"^*"^ (c). 
Finally, if F C M is a submanifold of M, then the proper transform of F is F = (J^^(Y \ X) C Mx- 

To describe the sequence of blow-ups we need some more notations. Given /? > 1, a p-partition of n is 
a. set M = {/xi, . . . , fip} C N with Hi > ■ ■ ■ > ^J-p > I and p.i + ■ ■ ■ + p.p = n. The length i{M) of Al is ^i 
if /^2 < Mil Eind ^1 + 1 if /^2 = A^i- 

To a /9-partition Ad we can associate several objects. First of all, wc define z^i, . . . , fp G N by setting 
z^i = and Vj — Vj-i + /^j-i for j = 2, . . . , p. Then we define sets Vj^i C {1, . . . ,n} for < k < jii — 1 and 
1 < ^ < P by setting 

, ^ r if fc = 0, 

'■' '' {i^( + l,...,i/;+min(fc,MO} if 1 < fc < /xi - 1. 



If p,2 = Ml: ''^c also define V' ; for 1 < Z < p by 



,lyl+^ll} iil^2, 

,i^2 + /i2-l} if? = 2; 



we also set P/,j+i,i = {1, • • ■,fJ'i,'^2 +^2}- 

Then we get i{M) splittings Vk of n by setting V'f. ~ UiLi ^fci ^^^ T'^' = {1, . . . , n} \ T'^. Furthermore, 
we also get a sequence of linear subspaces ~ Y^ d Y^ d ■ ■ ■ <Z y^(-^)^i c P"^^(C) by letting Y'' to be 
the subspace generated by {[eh] \ h G V'f.}, where {ei, . . . , e„} is the canonical basis of C". 

We are now ready to associate a sequence of (.{M) blow-ups to any p-partition M of n. Set M° ~ C", 
Xo — idc", gq — O and X^ — {O}. We start by blowing up the origin, taking M^ = M^o and 
TTi = iTiiM^ — > M". Since M" == C" has a canonical chart adapted to X° (that is, centered at the 
origin), the exceptional divisor E^ = 'k^^{X^) is canonically isomorphic to P"^^(C). This allows us to define 
a distinguished point ei e E'^, corresponding to [ei] G P"~^(C), and also distinguished linear subspaces 
yfe C E^ for fc = 1,...,£(A1) — 1, corresponding to the previously defined linear subspaces of P"~^(C) 
associated to Ai. 

Now put X^ = Y^ and set M^ = Mj^i . Let X"^ C M^ be the proper transform of F^^ and set M^ = M^2 • 
Next, let X^ C M^ be the proper transform (with respect to 173: M^ -^ M^) of the proper transform (with re- 
spect to (72- M"^ -^ M'^) of Y^, and put M^ = M|-3 . Proceeding in this way, we define for fc = 2, . . . , i?(Al) — 1 
the manifold M'^^^ as the blow-up of M'' along the iterated proper transform X'' of F*'; we denote by 
ak+i'-M^~^^ -^ M'' the associated projection, and by E'''^^ = cr^^j^(X'^) C M'^+^ the exceptional divisor. 
For fc = 1, . . . , £(A1) we also put nk = cri o • • • o ak'. M^ -^ M"; the set 'k^^{X^) will be called the singular 
divisor of M''. 

At each stage of this construction there are canonical charts adapted to the submanifolds involved: 

Lemma 1.1: For 1 < fc < i{A4) we can find a distinguished point Bk G M'' and a canonical chart {Vk, Xk) 
centered in e^ such that: 

VkHX^^ Xfc ' [{wi^Ojn fl {wh - 0} ; (1.2) 



Vk n 7r,-i(X°) = Xk' U {""' = 0} D T4 n X'^; (1.3) 

V^Ki J 

and such that for h = k + 1, . . . , £{A4) — 1 tiic intersection ofVk with the iterated proper transform ofY^ is 

Xk' [>i = o}n fl {wh^o} 

Furthermore, Xo o ^i o xr^("') = (wi, ^1^2, . . . ,WiW„), x^i ° ^^mi+i ° Xpl+i{w) = {wiw^^+p^,W2, ■ ■ . ,w„), 
and for 2 < fc < pi 

-u N f-^h ifhe{V'k_i\{l})U{k}, ,_, ^, 

X.-i o ak o Xk'M. - [ ^^^^ ifh ^ {l}u(vY;\ {k})' ^'-'^ 
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Proof: For fc := 1, the existence of a canonical chart adapted to X" yields a canonical chart (Vi, xi) centered 
at ei and adapted to X^; in turn this yields a canonical basis {d/dwi, . . . , d/dwn} of Tg^M^. Furthermore, 
it is easy to check that 

V hev[' J 



and that 



XoOCTi OXi ^(w) = (wi,WiW2,.. .,WlW„). 



So the lemma is proved for k = 1. 

Assume, by induction, that the lemma holds for k—1. In particular, we have a distinguished point ek~i 
and a canonical chart (Vfe_i,Xfe_i) centered at ek-i and adapted to X''~^. We thus have a canonical basis 
{d/dwi, . . . , d/dwn} of T^^_^M^-^ such that {d/dwh \ h e V'k_^ \ {!}} spans Te^_^X^-'^ . Put 



efe 



d 

dwk 



Tsk-iX 



fe-i 



e (y^^{ek-i) 



(or Gfc 



Olt)i 



■2+M2 



-Tp X^i 



e cr^j^(e^J if /c = ^1 + 1), and let {Vk,Xk) be the canonical chart centered 



in Gfe constructed, as before, via (yk-i^Xk-i)- Then it is not too difficult to check using the inductive 
hypothesis that (Vfe,x*;) is as desired. D 

We end this section by remarking that it is easy to prove by induction that if wc fix 1 < A: < C.{M.) and 
write z = Xo o TTfe o Xk^{w) then 



j k 

wi n (wh)^ n w/i 



h=2 



h=j+l 



ifjeni. 



wi n (wh? n Wh\w, iijer'ki,2<l<p; if 1 < fc < Mi; 

h=2 \h=]-iyi+l J 

k 



Wl n i'^h) 



h=2 
J / Ml 

wi n (wh)^ I n wh \ W; 

h=2 



.h=j+l 



1^2 +M2 



if.? en'; 



wi n (w/i) n Wh]wjW^^+f,^ if.? e^^ ,, 2< / <p; 



if fc = /ii + 1. 



^1 nKr( 



w 



h=2 



M2+M2 J 



ifje^i; 



(1.5) 



Furthermore, if zi, . . . , z/j 7^ then 



W," 



Wo 



(zi)Vzfe ifj = l, 

z,/z,_i if.?eni\{l}, 
z,/zk if.? en'; 

(zi)Vz,.2+M2 ifj^l, 

ifje(ni.i\{l})' 
if.?eni,;-2<;<p, 

if.?en;- 




if 1 < fc < Mi; 



if fc = Ml + 1. 



(1.6) 
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2. The diagonalization theorem 

We shall denote by End(C",0) the set of germs of holomorphic self-maps of C" sending the origin O to 
itself; more generally, if X is a closed set of a complex manifold M, we shall denote by End(M, X) the set 
of germs at X of holomorphic self- maps of M sending X into itself. Every germ F E End(C",0) has a 
homogeneous expansion of the form 

oo 

F(z)^^P,(z), 

where z = (zi, . . . , z„) G C", and the Pj's are n-uples of homogeneous polynomials of degree j in zi, . . . , z„. 
Let M be a complex manifold of dimension n, and X a closed submanifold of dimension r > 0. We are 
interested to see when a germ F £ End(M, X) can be lifted to the blow-up Mx as a germ F G End(Mx, Ex)- 
Take p G X, and choose charts {V,ip) and {V,<f) adapted to X so that p G V and F{p) G V. In a 
neighbourhood of p we can write the homogeneous expansion oi G ~ (p o F o ip^^ as 



G(z)=^P,,,,(z"), 



l>0 

where Pi_z' is a n-uple of Z-homogeneous polynomials with coefficients holomorphic in z'. The condition 
F{X) C X then translates to 

The order of F at p along X is 

i^x{F,p) = min{/ I (P,,^(p)0" ^ 0} > 1 ; 

it is easily checked that vx {F, p) does not depend on the adapted charts chosen. The order of F along X is 
then given by 

vx{F) = m:in{yx{F,p) \pGX} . 

Clearly the set {p G X \ vxiF^p) — vxiF)} is open in X. 
We shall say that F is non-degenerate at p along X if 

(i) F-\p)CX, 

(ii) vx{F,p) = vx{F), and 

(iii) {Pi.Mpyi-"))" = iff « = O e C"-^ where l„ ^ yx{F). 
If F is non-degenerate along X at all points of X we shall say that F is non-degenerate along X . 

Proposition 2.1: Let M he a complex manifold of dimension n, and X C M a closed submanifold of dimen- 
sion r > 0. Let F E End(M, X) be non-degenerate along X. Then there exists a unique F <E End(Mx, Ex) 
such that F o a = a o F . Furthermore, if p G X and (V, ip), {V, (p) are charts adapted to X with p E V 
and F{p) E V, then 

F{[v]) = (.i.(p),^)-i {[PioMpyihAM))"]) (2-1) 

for all [v] E Ep, where Iq = vx{F). 

Proof: Since F^^{X) C X, ii q does not belong to X we can safely set F{q) ~ F{q); we are left to define F 
on the exceptional divisor. 

Choose p E X, and the charts as in the statement of the theorem; without loss of generality, we can 
assume that for both charts the associated splitting is the standard one. For [v] E Ep choose r + 1 < j < n 
so that [v] E Vj] li F exists, we must have 

17 -1 I? -1 

r o a o Xj = (J o _t o x^ ■ 



If [v] = (tp_^) ^[ur+i : . . . : w„], we have 



limx, ^ U'(p)', ^-ti,..., (,...,— 
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and so, setting again G = (p o F o (f>^^, 



Fi[v]) = lim a-i U-i [G ( ^(p)', ^v 

where with a shght abuse of notation wc have put v = (fr+i, • • • , fn) G C"^^. 

Now, given a sequence {qk} C M\X converging to q E X, the sequence {a^^{qk)} converges in M \ X 
iff {Mqk)"]} converges in P"~''"^(C), and then 



lim a ^{qk) = t ^ ( hm [^{qk)"\ 

k — >oo ^ ^ \k — *oo 



In our case we have 

la 



\ j / l^l^ \ j / \ j / 

for a suitable holomorphic map Q. Therefore [Giipip)' Xv/vj}"] -^ [Pi^^^(^py{vy'], and thus if F exists it is 
given by (2.1) on the exceptional divisor. 

To finish the proof we must show that an F defined by (2.1) on the exceptional divisor and by F 
elsewhere is holomorphic. Take [v] G Ep, and choose r + l<h,k<nso that [v] S Vh and -F([w]) G Vk', we 
must show that Xk ° F ° Xh ^® holomorphic. We know that 

G o (^ o CT o Xh^) = {foao Xk^) °{XkoFo x^^) ; 

so putting Xk° F o Xh — (/ij • • • j /«) and recalling (1.1) we must have 

G{w\whWr+l, ■■■, Wh, . . . , WhWn) = {fl{w), ..., fr{w),fk{w)fr+l{w), ..., fk{w), ..., fk{w)fn{w)) . 

Writing G — (gi, . . . , §„) we find that if Wh ^ then 

{gi{w',WhWr+l, ■ ■ ■ ,Wh, ■ ■ ■ ,WhWn) if 1 < i < T Or i = fc, 
g^{w',WhWr+l,...,Wh,■■■,WhWn) ., ,i^-/,^ (2.2) 

gk(w',WhWr+l,-. ■,Wh,. ..,WhWn) 

Since the g^'s are holomorphic and {wh — 0} has codimension 1 in Xh{Vh), to end the proof it suffices to 
show that the quotients in (2.2) have a limit when w -^ x^([u]). 

Write again ip,<^([f]) ~ [vr+i '■■■■'■ v„] and v = (ur+ii • • • I'^n), and assume then that w -^ Xhib^])- This 
means that w' -^ '■piv)' , w/i ^ and (wr+i, . . . , 1, . . . , Wn) ^ '^h'^''^- Now, 

G{w\whWr+l, ■ ■ ■ ,Wh, ■ ■ ■ ,WhWn)" = V" I Pl.w' {Wr+lVh, ■ ■ ■ , Vh, ■ ■ ■ , WnVh)" ■ 

Since F{[v]) e Vk we have Pio.ip(py{v)k ^ 0; therefore 

gijw', WhWr+l, . . . , W/i, . . . , WhWn) Plo,ip(p)'{v)i 

gk{w' ,WhWr+l, ■ ■ . ,Wh, ■ ■ ■ jWhWn) -P/o,<p(p)' (w)fe ' 

and we are done. D 

Now, our construction involves iterated blow-ups; thus we are interested to know when the map F is 
still non-degenerate along suitable submanifolds of Mx- We shall limit ourselves to two special cases, which 
are enough for our aims. 
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Proposition 2.2: Let M be a complex manifold of dimension n, and X C M a closed submanifold of 
dimension r > 0. Let F e End{M,X) be non-degenerate along X, and F e F,nd{Mx, Ex) its lifting. 
Let Y <Z M be a submanifold of M of dimension r + s (with s > 1), and Y C M its proper transform. 
Assume that 

(i) Y contains properly X; 
(ii) F(Y) C Y and F'^iY) C Y; 
(iii) dFg is invertible for all q E Y. 

Then F is non-degenerate along Y, and dFq is invertible for all q E Y. 

Proof: First of all, notice that ii p e X then Y n Ep = F{TpY/TpX), and that Fj^^ is induced by dFp. 
Since, by construction, F{Y) C Y and F^^{Y \ Ex) ^ F \ Ex, it suffices to prove that dF^y^ is invertible 
for all [v]eYnEx. 

Fixp e X and [v] G YOEp, and choose two charts (V, (p) and {V, (p), centered inp, respectively in F{p), 
such that V r\ X ~ {z^+i = • • • = z„ = 0}, V^ n F = {zr+s+i = • • • = 2„ = 0}, and analogously for V. In 
particular, 

ip.^{Yr\Ep) ^ Lp(p^^^{Y n Epf^p)) = {wr+s+1 = ••• = w« = 0} , 

and we can also assume that ip,^{[v]) = if{p).0{F{[v])) = [1 : : • • • : 0]. Then the charts (K-+i,Xr+i) and 
{Vr+i,Xr+i) are centered in [v], respectively in _F([w]), and adapted to Y. 

Set G = (po F o if^^ = (gij . . . , (7„) and G = Xr+i o F o Xr+i ~ (/i: ■ ■ ■ i fn)\ the relation between the g^'s 
and the /j's is given by (2.2). Since F{X) C X and F{Y) C Y , the jacobian matrix of G at the origin is of 
the form 



A 



with A G Mr,r(C), -B G M,;^s(C) and C G M„_r-s,n-r-s(C). Since, by assumption, d^Fp is invertible, we 
have 

Aci{A) = det(A) det(B) dct(C) ^ . 



A 


A 







B 


* 





C 



Finally, F([f]) G K+i translates in 



dZr+l 



Our aim is to compute dfi/dwj at w = O. This is easy when l<i<r + l;in fact, (2.2) with h — k = r + 1 
yields 






iO) 



dgi 



(O) ior I < i < r + I, 1 < j < r + 1, 



In particular. 



Of, 



r+l 



dwi 



(O) 



for l<i<r+l, r + 2 < j < n. 



iij^r + 1, 

A 7^0 ifj = r + l. 



Now set gi{w) = gi{w' ,Wr+i,'Wr+iWr+2, ■ ■ ■ ,Wr+iWn), and write again 

G(z)=^P,,,K^"), 



recalling that (Po,; 



l>0 

O. For r + 2 < i < n we have 
1 



t<«' 



hm _ 

™^Ogr_,_i(u;) 



95i , ^ 



.9*(w) % 



r+l 



gr+iiw) dwj 



(w) 



(2.3) 
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Since 
(2.3) yields 



9i{w) = ^(wr+i)'P;,t„'(l, 



Wr+2, 



l>0 



^'9^ 



dw^ 



(O) 



dz-jdz^ 



■jUZr+l 



-(O) 



1 d^g. 



X dz-jdz, 



'^' (O)^(O) 



jUZr+l 



dz. 



r+l 



|£i(0)-'%ll(0)^(0) 



dz 



X dzj 



dZr 



+ 1 



■ • 7 ^n)i 7 

for r + 2 < i < n and 1 < j < r + I, 
for r + 2 < i,j < n. 



In particular, we find 



df 1 da 

-^{O) = TTT-C^) ioi r + s + 1 < i < n, r + 2 < j < n. 



dwj 



X dzi 



Summing up, we have proved that the Jacobian matrix of G at the origin is 



A = 



where B £ Ms-i.s-i{C). Now, if we subtract to the j-th column of B (for j 
of B multiplied by X^^dgr+i/dzr+j(0) we get 



A 


* 




O 


O 


A 


O 


* 


* 


B 


* 





kc 



(2.4) 



s) the first column 



A 


O 


* 


XB 



Since these elementary operations do not change the determinant, we obtain det(i?) = A* det(_B). Therefore 

det(i) = j^^ Aci{A) ^ , 

and we are done. D 

A similar argument yields: 

Proposition 2.3: Let M he a complex manifold of dimension n, and X C M a closed submanifold of 
dimension r > 0. Let F e End(A'/, X) be non-degenerate along X, and F e End{Mx,Ex) its lifting. Take 
p € X and a linear subspace L <Z Ep of dimension s — 1 (with s > 1). Assume that 

(i) F{L) C L, and 
(ii) dFp is invertible. 

Then F is non-degenerate along L, and dFt^i is invertible for all [v] G L. 

Proof: Condition (i) implies that p is a fixed point of F, and condition (ii) implies that vxiF) = 1. In 
particular, F\ep is induced by the differential of F at p; thus F\l is injective, and the invertibility of dF^^^ 
for all [v] G L will imply that F is non-degenerate along L. 

Fix [v] E L, and choose two charts {V, ip), {V, (p) centered in p adapted to X such that 



W(H) = W(^(M)) = [1:0:...:0] 



and 



l-p.vW = '-P,v(-^) = {Vr+s+1 = • • • = Wri = 0} . 



Then the charts (V^+i,Xr+i) and {Vr+i,Xr+i) are centered in [u], respectively in F{[v]), and adapted to L. 
The proof then goes on as in the previous proposition. D 
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We are finally ready to prove the main result of this paper: 

Theorem 2.4: (Diagonalization Theorem) Let F £ End(C",0) be such that dFo is invertible and non- 
diagonahzable. Assume that dFo is in Jordan canonical form, with p > 1 blocks oflenghts /xi > • • • > /Xp > 1 
associated respectively to the eigenvalues Xi, ..., \p e C. Set M = {fii, . . . ,fip}, and let {M^ , . . . , M^^-'^^) be 
the sequence of blow-ups associated to A^. Then for 1 < k < i{A4) there exists a unique F^ E End(M'^, E'^) 
such that _F o TTfe = tt^ o F^., and we have Fk{ek) = e/j. Furthermore, d{Fiif^\)e is diagonalizable, with 

eigenvalues Ai, 1, A2/A1, . . . , Xp/Xi of multiplicity 1, /ii — 1, /i2, ••• ,/ip respectively, where Ai = Ai if/ii > fi2, 
andXi = XI/X2 if Hi = fJ.2- More precisely, writing X£(a^) o^£(a4)°x7(A4) = (A:- ••'/«)> and denoting by a^^ 
the coefRcient of (zi)^ in the power series expansion of fj, if jii > fi2 we have 

( wi{Xi ~ a'^iwi + 2w2 + 0{\\wf)) if J = 1, 



fiH = ' 



-w,,+oi\\wr)) 






if2< j<^i-l, 
ifj = f^i, 






A 



■W 



J-i^i 



^,+iWj +0{\\w\ 

A, 



whereas if /ii — [i2 we have 

f ^i(S - f «ii+"^«^i + T^^2 + o{\\wr)) 

^"j(i-xr«^j + i7«^j+i + o(||w|p)) 
^m(i-xr^«Mi+o(||^|p)) 



/.H 



= < 



xr^^- 



/A2 I ±LL_ 

'"A'2+1^2 VAi ^ Ai 



'-wi+0{\wf)) 



+iu;,+i + 0{\wf) if 3 e V'^^j \ {vi + m;}, 2 < Z < p, 
ifj = vi + fii, fn < pi - 1, 

ifj = ui + fii, p, = /ii - 1, 

ifj = 1, 

if2<j<fii-l, 
ifj ==Mi, 

j'fje^^i.Ai'^i + M;}, 2</<p, 

ifj = 1^2+ M2, 

ifj = ui + fii, fii < fii, 

ifj = t^i+ 1^1, fk = l^i,S<l < p. 



IT^J + l?r^iw^'^2+P2 + Oi\\w\\ 

Proof: Proposition 2.1 yields the existence of Fi; since A|ei is induced by the differential of F at the origin, 
we see that ei is a fixed point of Fi, and more generally that Fi(F'^) = Y'^ for fc = 1, . . . , /ii. 

By Proposition 2.3, d{Fi)[y-^ is invertible for all [v] E Y^'^. In particular, Fi is non-degenerate along X^, 
and so Proposition 2.1 yields F2. Since dFi is invertible along Y^, we can invoke Proposition 2.2 to prove 
that dF2 is non-degenerate along X"^, and thus we get F^. Furthermore, being dF2 invertible along X"^, it is 
invertible along the proper transform of Y^ too, because outside of E'^ C X^ it is given by dFi. Then we 
can again invoke Proposition 2.2 to prove that F3 is non-degenerate along X^, and Proposition 2.1 yields F4. 
Repeating this procedure we clearly get Fk for all k. 

To show that Bk is a fixed point of Fk it suffices to notice that for fc = 2, . . . , /ii we have 

Fi([d/dwk]) - [Xi{d/dwk) + (d/dwk-i)], 

and [d/dwk-i] E Y^''^; analogously, if ^2 = A^i then Fi{[d/dwi,^+p^^)] = [A2 (9/9^^2 +^2) + (a/9w^2+^2_i)] 
&nd[^/^w,,+p,-l]EY^'\ 

We are left to prove that rf(-F£(_A^))ef(jvi) i^ diagonalizable. From F oiTfj^j^^-^ — ttk^j^-^ o F^(;vi) we easily get 

Fo{xoo TTfi^M) ° X7(M)) = (Xo o 7r^(A4) o X7(A1)) ° ^ ■ (2-5) 

Since we know that, writing F — (/i, . . . , /„), 



XiZj+Zj+i+ Yl o,hk^hZk + 0{\\z\\^) ii vi + 1 < j < vi + ^J,l, 



/.W 



n 

Xiz,+ J2 aikZhZk + Oi\\zf) 

h.k=l 



ifj = jyi +/i;. 



for 1 < / < p, it is not difficult to check, using (1.5) and (1.6), that the fj's have the claimed form, and we 
are done. D 
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3. Parabolic curves 

From now on we shall assume that sp{dFo) = {1}; in particular, the Diagonalization Theorem 2.4 yields 
a map tangent to the identity. This allows us to bring into play Hakim's theory, that we shall now briefly 
summarize. 

Set A = {^gC||C— 1|< 1}. A holomorphic curve at the origin is a holomorphic injective 
map (/?: A — > C" \ {O} such that (p extends continuosly to G 9A with (p(0) — O. 

Now take F G End(C", O). Wc shall say that a holomorphic curve at the origin cp, or its image D — <p(A), 
is F -invariant ii F[ip{A)j C (p(A); that it is stable if it is i^-invariant and (_F|/))'^ -^ O uniformly on compact 
subsets of D. A parabolic curve is, by definition, a stable holomorphic curve at the origin. Finally, we shall 
say that ip is tangent to u G P"~"'"(C) if [(^(C)] ^ w as C ^- 0. 

Now let P2: C" -^ C" be a C"-valued quadratic form. A characteristic direction of P2 is a w G C" \ {O} 
such that P2iv) — ^v. If A = then v is degenerate; otherwise it is a non-degenerate characteristic direction. 

Then (the part we shall need of) Hakim's results can be summarized as follows: 

Theorem 3.1: (Hakim [H2, 3]) Let F G End(C",0) be such that dFo = id. Let P2:C" -> C" be the 
quadratic part of the homogeneous expansion of F. If z° G C", set z^ = F^{z°), and denote by [z''] its 
image in P""^(C) when z*= ^ O. Then: 

(i) if z'^ -^ O and [z'^] -^ [v] then v is a characteristic direction of P2; 

(ii) if V is a non-degenerate characteristic direction of P2, then F admits a parabohc curve tangent to [v]; 
(iii) if V is a non-degenerate characteristic direction of P2 with P2{v) = Xv and I? C C" is the parabohc 
curve given by part (ii), then for every z° € D and I < j < n we have 

k ^-i /I 



Putting together Theorems 2.4 and 3.1 we are able to prove the existence of a parabolic curve for generic 
non-diagonalizable maps F G End(C", O) such that sp{dFo) ~ {!}. In this context, "generic" means a'^l ^ 
and ^2 < Ml- 

Corollary 3.2: Let F G End(C", O) be such that dFo is non-diagonahzable and sp{dFo) = {!}. Assume 
without loss of generahty that dFo is in Jordan canonical form, and let M. be the p-partition of n induced 
by the block structure of dFo- Assume moreover that £{A4) = fii and that a^{ 7^ 0, where we are using the 
notations introduced in the previous sections. Then F admits a parabolic curve (p tangent to e\ . Furthermore, 
ifz° G ^(A) and z^ = F^{z°), then 

(3.1) 

Proof: The idea is to apply Theorem 3.1 to the lifting i^^^ of F, and then use tt^^ to project the result 
down to F. Not all the characteristic directions of the quadratic part of F^-^ at e^^ are allowable, though. 
Since we are working in M^% characteristic directions tangent to 7r~^(A'°) should be excluded, because the 
i<)j J -parabolic curve provided by Theorem 3.1.(ii) could be contained in the singular divisor, and thus it 
would be killed by tt^j. Now, (1.3) says that tt'^^{X") is given by {wi = 0} U • • • U {w^^ = 0}; therefore we 
must look for characteristic directions v with wi, . . . ,v^-^ ^ 0. Characteristic directions not tangent to the 
singular divisor 7r^^(X°) will be called allowable. 

The explicit form of F^-^ given in Theorem 2.4 shows that an allowable characteristic direction v for F^,-^ 



Zj — < O \kl^l+j-'^l 



' -a^'i^i 


+ 2W2 


= 


A 


-Vj + Vj + l = 


A, 




atlvi - 


-^'m = 


A 
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at e^j must satisfy 

for .7 = 1, 

for2<j<Mi-l, 
for j = fii, 
i-vj + vj+i)vj_i,^+i = Xvj, for j e V'^^i \ {vi + M;}, '^ < I < P, 
-f^+i^j = Awj> for j = z/; + Aij, Mi < Ml - 1, 

. aii^i^'A'i ^ ^Mi^j" "= Awj' for j = i^; + Mi, Mi = Mi - 1- 

The unique non-degenerate (i.e., with A 7^ 0) solution of this system is 

^(2mi-1)A, for .7 = 1, 

(Mi+i-2)A, for2<j<Mi, 

0, for j = n + h,l <h < M;, Mi < Mi ^ I7 

-(M; + /i)A, for j = i'i + h,l<h< m;. Mi = Mi - 1- 



..^i+i^i 



This is an allowable solution; therefore Theorem 3.1.(ii) yields a -F^j-stable holomorphic curve (p at the 
origin tangent to v. Since v is not tangent to 7r~^(X^), which is invariant under F^-^^, the image of the 
curve is contained in M^^ \ tt7^^{X'^), which is exactly the subset of M^^ where tt^^ is a biholomorphism 
with C" \ {O}. Therefore the holomorphic curve (p — iTf^-^ o ip is a parabolic curve at the origin for F in C", 
and (3.1) follows from Theorem 3.1.(iii) and (1.6). D 

Remark 3.1: Let x ^ Aut(C",0) be a (germ of) biholomorphism of C" keeping the origin fixed and 
such that the differential oi F = x^^ ° F o x iS still in Jordan form; then d^l = a a^l for a suitable a 7^ 0, 
and thus F is generic iff F is. 

Remark 3.2: If /? = 1 and a^l ~ but a^]^ 7^ 0, it turns out that d{F^-^^i)e -^ is already diagonal- 
izable, and an argument similar to the one used in the previous proof yields a parabolic curve for F in this 
case too. On the other hand, if p > 2 and M2 = Mi then -F)ii+i has no allowable non-degenerate characteristic 
directions at e^^+i. 

Remark 3.3: We are finally able to explain why diagonalizing simply by blowing-up points does not work. 
Indeed, it turns out that in that case the lifted map would have no allowable characteristic directions; all 
the relevant dynamics would be inside the singular divisor, and so one would not easily detect the parabolic 
curve whose existence is proved in Corollary 3.2. 

When n — 2 (and thus p = 1 and mi — 2), we are also able to study the non-generic case a\i — 0, 
obtaining interesting results. For instance, we shall see that (for the first time, as far as I know) a coefficient 
of the cubic part of F enters directly into play even when the quadratic part of F is not zero. 

So, assume n — 2 and a\i = 0, and write 

fi(z) = zi+ Z2+ a\^{zif + 2a\2ZiZ2 + 032(^2)^ H , 

.f2{z) = Z2 + 2a\2ZiZ2 + 022(^2)^ + a\^^{zif H . 

We shall describe our results in terms of the following quantities: 

e^a\^+al^, and ri = {a\^ - al^f + 2al^^; 

they are projective invariants of F under change of coordinates. More precisely, let again x '= Aut(C", O) be 
a (germ of) biholomorphism of C" keeping the origin fixed and such that the differential of F = x^^ o F o x 
is still in Jordan form; then a\i — Q, e = ae and i) = a^rj for a suitable a 7^ 0. 
Then: 
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Corollary 3.3: Let F e End(C , O) be such that dFo is non-diagonahzablc and sp{dFo) = {1}. Assume 
that dFo is in Jordan canonical form, and that F is non-generic, that is a\i ~ 0. Assume moreover that 
{s,r]) y^ (0,0), where e and rj are the invariants just defined. Then: 

(i) if rj 7^ 0, e^, then F admits two distinct parahohc curves at the origin; 
(ii) if ?7 = e^ 7^ 0, or 77 = 7^ e^, then F admits one parabolic curve at the origin. 

In both cases, the parabolic curves are tangent to ei. Furthermore, if z° belongs to the image of one of the 
curves and z^ — F^{z°), then z^ = ci/k + o(l/fc) and 2:3 — C2/fc^ + o(l/fc^) for suitable ci 7^ and C2 G C. 

Proof: The point is that one blow-up is enough to diagonahze such a map; in fact, in this case the local 
expansion of -Fi nearby ei is given by 

f (,n\ = / ^1 + ail(wi)^ + W1W2 + 0(11 wf), if j = 1, 

■^'^ ' \w2+al^,{wi)^ + {2al2-a\,)wiW2-{w2f+0{\\wf), ifj = 2. 

A direction [v] G P^(C) is allowable iff wi 7^ 0; therefore we can assume wi = 1, and finding the allowable 
characteristic directions boils down to solving a quadratic equation whose discriminant is rj. The allowable 
characteristic directions then are multiple of 

f-, a?2-aii±V^ 
v±= [I, 7: 



and v± is degenerate iff e ± y/rj — 0. Theorem 3.1 thus yields the assertion, exactly as in the previous 
corollary. D 

Remark 3.4-' li e = rj = several things might happen; we can even have more than two stable 
holomorphic curves at the origin. See [A] and [CD] for examples. 

Remark 3.5: A C"-valued quadratic form P2 on C" induces on the projective space a holomorphic map 
P2:P""HC) \Z ^ P""\C), where Z is the image in P"-i(C) of the cone P2~^(0) \ {0} C C". li v e C" 
is a non-degenerate characteristic direction for P2, then its image [v] e P"^^(C) is a fixed point of P2- In 
particular, we may then consider the linear map 

^H - d(A)H - id:T[,](P"-i(C)) ^ T[,](P"-i(C)) . 

It turns out that this is the same matrix introduced by Hakim [H2, 3]. She proved that, under the hypotheses 
of Theorem 3.1, if A[^,] has d> eigenvalues with positive real part then the map actually admits a parabolic 
holomorphic (d + l)-manifold at the origin. In the case n = 2, af^ = and (e, 77) 7^ (0, 0), we have 

A -i9 ^ 



In particular, A\^^ = — 1 when ry = e^ 7^ (where, choosing e as principal determination of ^/rj, the non- 
degenerate characteristic direction is v^), A[^,] = when 77 = 7^ e, and ReA[^^] > iff 



when rj ^ 0, e^ . In particular, if | Re(£/y/^)| > 1 then the map F admits a parabolic basin of attraction for 
the origin. 

Remark 3.6: It is not difhcult to compute the matrix A\p^ for the allowable characteristic direction 
described in the proof of Corollary 3.2; it is not so easy to compute the sign of the real part of the eigenvalues, 
though. For n < 20 we checked that the matrix A^^,] has no eigenvalue with positive real part, and we suspect 
that this is true for all n. 
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Remark 3.7: Hakim [H3] proved that when F E End(C"',0) is a global automorphism of C" with 
dFo = id, and t; is a non-degenerate characteristic direction, then the set fit, of orbits z'^ ^ O such that 
[z'^] -^ [v] is an i^-stablc biholomorphic image of C '^^, where d > is the number of eigenvalues of ^[„] 
with positive real part (assuming, for simplicity, that At^] has no purely imaginary eigenvalues). This is still 
true in our situation. Indeed, if our map _F is a global automorphism of C", then its lifting _F is a global 
automorphism of M^^ \ 7r~^(X°), which is biholomorphic to C" \ {O}. Furthermore, if v is an allowable 
characteristic direction, then il^, cannot intersect the singular divisor, because the latter is _F-invariant 
whereas v is not tangent to it. This means that we can apply Hakim's result to F, and projecting down 



via TT^j^ we get an F-stable {d + l)-manifold biholomorphic to C . In particular, then. Remark 3.5 yields 
yet another instance of the Fatou-Bieberbach phenomenon in 



■^2 



4. Regular orbits 

In the previous section we have shown that allowable (i.e., not tangent to the singular divisor) characteristic 
directions of the lifting of a map F give rise to parabolic curves. A priori, other characteristic directions 
might also give rise to parabolic curves, or possibly to i^-orbits converging to the origin. The aim of this 
section is to show that this cannot happen, at least in the case p = 1, when dFo is the Jordan nxn block J„ 
associated to the eigenvalue 1. 

To state more precisely our result, we need some definitions. Let {z''} C C" \ {O} be a sequence 
converging to the origin. We shall say that {z'^} is 0-regular if {[z'^]} converges to some [v] e P"~ (C); 
this is equivalent to saying that 7r^^(z'^) converges to some [v] € E^. We shall say that {z^} is 1-regular 
if either [v] ^ ei (and we shall specify this case saying that it is 1-regular of first kind) or [v] = ei 
and {xi o TT^^{z^)} is 0-regular (and then {z''} is 1-regular of second kind). Now we proceed by induction. 
Let {z^} be (r — l)-regular. If it is (r — l)-regular of first kind, we shall also say that it is r-regular (of first 
kind). If it is (r — l)-regular of second kind, then tt~^{z'^) converges to some [v] G E^. We shall say that {z'^} 
is r-regular if either [v] ^ e^ (and we shall again say r-regular of first kind) or [v] = e^ and {xr ° ''^r^i^'^)} 
is 0-regular (and then {z*^} is r-regular of second kind). We stress that we impose no conditions if [v] ^ e^; 
so for most sequences r-regularity is equivalent to 0-regularity. 

Despite its apparent complexity, the condition of r-regularity is fairly natural; it is just a way to say 
that the different components of the sequence go to zero at comparable rates. For instance, if for j = 1, . . . , n 
there are Oj € C* and Sj > such that 

k _ «j 

J ^ k^i yk^3 

then {z'^} is r-regular for every r; and it is easy to provide examples of much more general r-regular sequences. 
Now let F e End(C",0) be such that dFp — Jn- Assume that F is generic, that is a^^ ^ 0, and 
let F be its lifting. We shall say that an _F-orbit is regular if it converges to the origin and it is n-regular. 
A quick look to (1.5) and (1.6) shows that orbits obtained pushing down 0-regular orbits of F tangent to 
allowable characteristic directions arc regular; such orbits are called standard, and are the ones described in 
Corollary 3.2. Using this terminology, our aim is to prove that every regular orbit is standard. To do so, we 
need a lemma: 

Lemma 4.1: Let {w^} C C* be a sequence converging to 0. Assume there is another sequence {u''} C C 
such that u'^/w'^ ^ c e C and 





w''+'^w''{l + u'')+o{{w'')^) . 


Then l/(fcw'=) - 


-^ — c. In particular, if c ^ we have 




k_ 1 [A 
ck \kj 


Proof: Set e'' = 


= w'^+^ — w^ — u'^w^, so that e''/{w'^)^ -^ 0. We then have 




1 1 uf" (m'')Vu;'' + (m'* - l)e'V(u;'')2 




y^h+i ^h ^h 1 + u'l + e'»/w'» 
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Summing this equality for /i = 0, . . . , fc — 1 and dividing by k wc find 



15 



f 



kw^ kw^ 



1 l'^ uf" 1 

i,.() JU Z—/ 711/1 u 



fe-1 



k ^ — ' w" 

h=0 



k^^ 

h=0 



1 + u''' + e^/w^ 



and the assertion follows from the convergence of the averages of a converging sequence. 
Then: 



D 



Theorem 4.2: Let F e End(C", O) he such that dFo — Jn- Assume that F is generic. Then every regular 
orbit of F is standard. 

Proof: Up to a linear change of coordinates we can assume a"]^ = 1. Let {z'^ = F'^(z°)} be a regular orbit; 
we first of all want to prove, by induction, that 'k~^{z^) — > e^ for r = 1, . . . , n. 



First of all, 0-regularity yields [z 



\v\ G 



But then v must be an eigenvector of dFo] 



therefore [v] = ei, and thus 7rj~^(2;'^) -^ ei. Exactly the same argument shows that 77^^(2*^) -^ 62. 

Now assume that 'k~^{z^) -^ e,. for some 2 < r < n — 1, and put w^ = Xr ° 7r~^(z'^). The 0-regularity 
of {w^} implies that [w^] —> [v] e P"^^(C); again, v must be (canonically identified to) an eigenvector 
of d(Fr)er- Now, a computation using (1.5) and (1.6) shows that for 1 < r < n we have 

' wi(l - a\iWi + 2w2 - Wr+i + 0{\\w\'^)) if j = 1, 

i;j(l - Wj + Wj+i + 0(||u,'|2)) if 1 < j < r, 

11^(1 + aliWi - Wr + Wr+i + 0(||wp)) if j = r, 

i{iWi + Wj + Wj+i + 2a\2WiW2 — (fliiWi + Wr+i){a{iWi + Wj + Wj+i) + 0{\\w\^) ii r < j < n, 



Wa 



, a'l-^wi +Wn + 2a"2U'iW2 - {a\-^wi + w,.+i)(a"iWi + w„) + 0(||wp) 
In particolar, d{Fr)e^ is represented by the matrix 



if j = n. 



(4.1) 





It 










Jfi — r 



Therefore w = (0, W2, ■ • . , Vr+i,0, . . . , 0); to prove that Tr^^^{z'') -^ e^+i it suffices to show that u^+i 9^ 0. 

Assume, by contradiction, f^+i = 0, and let jo — max{2 < j < r \ Vj ^ 0}. We know that 
Wj /w^^ -^ Vj/vjg for all j; in particular, w^ = 0(w^^) if Vj 7^ 0, and w^ — o{wj^^) if Vj = 0. Then (4.1) yields 



,,fc+i 



= <(!"<) + «(«)') 



hence using Lemma 4.1 wc find 



and so 



w^ 



1 

-k+' 



'"^ 



(4.2) 



for all J = 1 , . . . , n. 

We now claim that Vj/vj^ ~ jo~ j + 1 for all j = 2, . . . , jo- We argue by induction on jo — j. Take j < jo 
and assume that Vj+i/vj„ — jo — j. Noticing that Wj^O for all k and I < j < r (because 7r^^(z'^) does not 
belong to the singular divisor), we can write 



„fe+i 



^ = i--' + <i + o((-^i)^). 
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If Vj = we would get 



% 



k ' h ' \ jf 



which is impossible because the infinite product life (^7 /'^j) i^ converging to zero. Therefore Vj 7^ 0; but 
then applying Lemma 4.1 to 

and recalling (4.2) we get Vj/vjg = jo —.? + !, as claimed. 
In particular we then have V2/vjg = jo — 1, and so 

"^+^ 2(70 - 1) 

= 1 + ^^. -+o{ - 

which is impossible. The contradiction arises because we assumed w^+i = 0; therefore we must have Vr+i 7^ 0, 
as claimed. 

Summing up, we have in particular proved that it^^{z ) -^ e„; set w = Xn° ""n ^(-^ )• Notice that, by 
construction, w'^ ^ for all k and j. By 0-regularity, [w''] — > [v] £ P"~^(C); Theorem 3.1 then says that v 
must be a characteristic direction of i^„ at e„, that is a solution of 

,,2 



-vf + 2wiU2 = Aui , 



v^ + VjVj+i = Xvj for j = 2, . . . , n — 1, 



To end the proof we must show that v is allowable, that is that Vj ^ for j ~ 1, . . . ,n. 

Assume, by contradiction, that there is a jo such that Vj^ ^ but wjq+i = (where here by w„+i we 
mean vi). Then it is easy to prove that Vj/vj^, G N for all j = l,...,n; in particular, Vj/vj^ is always 
non-negative. Now we have 

<'-<(!-<) + «(«)'); 

therefore Lemma 4.1 yields w'- — 1/fc + o{l/k). Recalling (4.2) we then get w'j — Cj/k + o(l/k) with Cj > 
for all j = 1, . . . , n. But then arguing exactly as in the first part of the proof we show that Wjo-1j • • • i ^1 7^ 0; 
and then we get w„ ^ 0, and going up we finally arrive to prove Wjo+i ^ 0, contradiction. D 
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